It is well known that residual deformations/stresses alter the mechanical behavior of arteries, e.g. 33 the pressure-diameter curves. In an effort to enable personalized analysis of the aortic wall stress, 34 approaches have been developed to incorporate experimentally-derived residual deformations into 35 in vivo loaded geometries in finite element simulations using thick-walled models. Solid elements 36 are typically used to account for "bending-like" residual deformations. Yet, the difficulty in 37 obtaining patient-specific residual deformations and material properties has become one of the 38 biggest challenges of these thick-walled models. In thin-walled models, fortunately, static 39 determinacy offers an appealing prospect that allows for the calculation of the thin-walled 40 membrane stress without patient-specific material properties. The membrane stress can be 41 computed using forward analysis by enforcing an extremely stiff material property as penalty 42 treatment, which is referred to as the forward penalty approach. However, thin-walled membrane 43 elements, which have zero bending stiffness, are incompatible with the residual deformations, and 44 therefore, it is often stated as a limitation of thin-walled models. In this paper, by comparing the 45 predicted stresses from thin-walled models and thick-walled models, we demonstrate that the 46 transmural mean hoop stress is the same for the two models and can be readily obtained from in 47 vivo clinical images without knowing the patient-specific material properties and residual 48 deformations. Computation of patient-specific mean hoop stress can be greatly simplified by using 49 membrane model and the forward penalty approach, which may be clinically valuable. 50
simplified by this forward approach. However, due to the assumption of no bending stiffness in 76 the membrane elements, the self-equilibrium residual deformations are inadmissible to the thin- 77 walled models, which is often stated as a limitation of such models. 78 In this paper, by comparing the predicted stresses from thin-walled models with thick-79 walled models considering residual deformations, we demonstrate that the transmural mean hoop 80 stress (i.e., averaged stress through the thickness) fields are the same for the two models. Thus, the 81 transmural mean hoop stress can be readily obtained from in vivo clinical images using the forward 82 penalty approach without knowing the patient-specific material properties and residual 83 deformations. The remaining sections are organized as follows. In Section 2, the theoretical 84 arguments are described and the validity is shown by analytical examples. Thin-walled and thick- 85 walled FE models with a patient-specific geometry are demonstrated in Section 3. In Section 4, 86 the discussion and conclusions are presented. 87 2 Theoretical and Analytical Arguments 88 One prominent example of static determinacy is the use of Laplace law to compute the wall 89 hoop stress by assuming a perfect cylindrical shape of the aorta. (1) 91 where σ is the hoop stress in the thin-walled tube, is the pressure, is the inner radius, and 92 is the in vivo wall thickness. The material properties are not involved in this equation, and stress 93 is directly calculated using the static force equilibrium. Opposite to the middle radius value used 94 in (Horný et al. 2014) , we emphasize that inner radius should be used as the blood pressure is 95 applied to the inner surface of the aorta.
It is well known that residual stresses alter the mechanical response of arteries, e.g. the 97 pressure-diameter curves (Holzapfel et al. 2000) . Nonetheless, from the static determinacy 98 prospective, for the in vivo loaded configuration, the equilibrium between the resultant force and 99 the external pressure load should always hold, and thus, the hoop stress resultant (tension) should 100 be insensitive to the material parameters and residual deformations. This implies that no matter 101 how the aorta is internally balanced or residually stressed, the wall tension can always be computed 102 only using the static equilibrium. Therefore, when the wall thickness is given, the simple thin-103 walled model would be sufficient in determining the transmural mean hoop stress.
104

The Opening Angle Method
105
In this subsection, we use an analytical example to demonstrate that the mean hoop stress is 106 insensitive to the change of opening angles. We assume that the residual stress can be described 107 by the opening angle and that the aorta can be modelled as a perfect tube. 
, and are the inner and outer radii of the in vivo deformed geometry. , 113 defined as = 2 2 − , is used to describe the opening angle . and are the inner and outer radii 114 of the stress-free geometry. and are the axial length of the aorta segment in the stress-free and 115 deformed geometry, respectively. , and and , and are the unit basis vectors for the stress-free and deformed geometry respectively. To make the solution simple, the constitutive 117 relation of the aorta tissue is modelled using the isotropic Neo-Hookean model. The strain energy
where is the shear modulus and 1 is the first invariant. To solve for the in vivo stress when 121 systolic blood pressure ( = 104 ) (Martin et al. 2015 ) is present, we utilize the stress 122 equilibrium equation, which can be expressed in the radial equation
where σ and σ are the stresses in the circumferential and radial direction respectively. Eqn. (4) 125 can be reduced to σ = � 2 − 2 � (Holzapfel and Ogden 2010), with and referring to the 126 stretches in the circumferential and radial directions, respectively. By solving the equilibrium Eqn.
127
(4), together with the traction continuity condition σ ( ) = − , we are able to obtain the radial 128 stress (Holzapfel and Ogden 2010)
where is the stretch in the axial direction. The hoop stress is then calculated using
The geometry of the aorta in clinical images is always in the in vivo deformed state, from which 133 the opening angle is not measurable. To this end, we fixed the inner and outer radii of the in vivo 134 deformed geometry, and , for all scenarios and vary the opening angle from 0 to 330 degree.
135
For a certain opening angle , the inner and outer radii and of the cut-open sectors are 136 solved using the boundary condition σ ( ) = 0 and the assumption of incompressibility 2 = 137 2 + 1 ( 2 − 2 ). Related parameters are listed in Table 1 and values of and are shown in 138   Table 2 . The transmural mean hoop stress is defined as
The results are shown in Figure 1 
The definitions and values of the parameters are referred to (Holzapfel and Ogden 2010) . Values
166
of the related parameters are listed in Table 4 .
167
Similar to the procedures for the opening angle method, the hoop stress can be computed 168 using the equilibrium equation and the boundary conditions. Interested readers are referred to 169 (Holzapfel and Ogden 2010) for details. A diastolic pressure ( = 80 ) is applied to the 170 inner surface of the aorta, and we assume no axial tension caused by in vivo loading conditions.
171
The residual axial stretches have been incorporated in the deformation gradient tensors of each 172 layer. The transmural mean hoop stress for the three layer composite is defined as
As depicted in Figure 2 , the mean hoop stress is identical to the thin-walled hoop stress. 
The incremental deformation gradient of the residual stress ∆ is first iteratively applied to the 225 image-derived geometry and stored in . Next, the incremental deformation gradient of the pre-226 stress ∆ resulting from the in vivo blood pressure is incrementally applied and stored in .
227
Thus, deformation gradient tensors associated with the residual stress and the pre-stress 228 are accounted sequentially. The GPA is implemented in the ABAQUS user subroutine UMAT.
229
The implementation was validated by comparing the analytical and FE results as in (Pierce et al. 7)) of the thin-walled and thick-walled models:
where σ � , ( ℎ ) and σ � , ( ℎ ) are the transmural mean hoop stress predicted by the thin-245 walled and thick-walled models respectively. is an element index for the thin-walled model and 246 is the number of elements.
247
To study the sensitivity of the MAPE of the transmural mean stress with respect to the 248 thickness, three representative thickness values (1mm, 2mm and 3mm) were chosen with = 249 120°. The results are summarized in Table 5 . Note that this opening angle value is chosen because 250 the corresponding stress distribution is close to homogenized state in the FE simulation, and this 251 value may not be consistent with the average value obtained from experiment (Sokolis 2015) . We 252 also notice that opening angle values are widely distributed according to (Sokolis 2015) , 120 253 degree can be considered as a feasible value.
254
In order to quantify the transmural variation, we define a signed transmural percentage 255 error (STPE), corresponding to the th thin-walled membrane element, as
where and represent the inner and outer radii respectively, and is the radius. The sign is 258 given based on the difference between the inner and outer wall hoop stress. If the inner wall stress 259 is greater than the outer, the STPE is positive, otherwise the STPE is negative.
260
The results are shown in Figure 3 Regardless of the discrepancy of the stress in the thickness direction ( Figure 6, first row) , 282 the transmural mean stress field predicted by the forward penalty approach and the GPA are, again, 283 almost identical, with a MAPE of 3.98% (Figure 6, second Thus, such complex patient-and layer-specific residual deformation and elastic property fields 310 need to be noninvasively estimated for an accurate modeling prediction of clinical events (e.g. 311 rupture). Currently, it is impossible to estimate the layer-specific and heterogeneous material and 312 residual deformation parameters simultaneously from in vivo clinical images. We admit that hoop 313 stress within each layer may be more useful than mean hoop stress for predicting some clinical 314 adverse events such as aortic dissection. However, the mean hoop stress is clinically valuable too 315 because it is patient-specific, which does not depend on material parameters and residual 316 deformations.
317
The inclusion of residual deformation often reduces the hoop stress gradient, and thus tends 318 to homogenize the hoop stress distribution in the in vivo deformed configuration (Chaudhry et al. 2004). This makes the thin-walled hoop stress, or the mean hoop stress more physiologically 321 relevant in the sense that it represents the ideal homogenized wall stress in single layer models.
Homogenized stress state is an assumption for some growth models, e.g., (Polzer et al. 2013) , and 323 the method proposed in (Schröder and Brinkhues 2014) is based on smoothing the stress gradient.
324
In this study, the incorporation of opening angles also tends to homogenize the hoop stress 325 distribution as shown in Figure 1 . In Figure 3 , the MSTPE is close to 0 when 120~180 degree 326 opening angle is incorporated. However, this value seems to be lower than the average value 327 obtained from experiment (Sokolis 2015) . This might be due to the assumption of uniform material 328 properties and uniform thickness in the computational model, which could impact the transmural 329 stress distribution. We also notice that a wide range of opening angle is documented in (Sokolis 330 2015), 120~180 degree opening angle can be considered feasible.
331
The transmural mean axial/longitudinal stress of the aorta may be statically determinant Table 3 GOH material parameters of the patient "BAV17" extracted from (Martin et al. 2015) .
503
Coefficient of determination of the curve fitting is 0.9551. 
